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1. INTRODUCTION

Let {L,} be a sequence of linear operators on C[0, 1] into C[0, 1]. Evaluation
of the remainder

R(f, %) =f(X) = (Lof ),

isusefulin the investigation of the approximation properties of the operators L,.

For the Bernstein polynomials, this remainder has been thoroughly investi-
gated. First, some asymptotic formulae were given by Voronovskaya and by
Bernstein (see [10], pp. 22-23) and later, the remainder was evaluated for
different classes of functions by Popoviciu and by Lorentz (see [710], Th. 1.6.1
and Th. 1.6.2). More recently, O. Arami [3] gave a representation of this
remainder by means of divided differences. Using different methods of con-
struction, L. Aramd [I/] and Stancu [/4] obtained independently another
representation ; but both restricted the functions f(x) to be twice continuously
differentiable in [0, 1]. Furthermore, L. and O. Arama [2], using L. Arama’s
technique, obtained a similar representation of the remainder in the approxi-
mation of the above type of functions by generalized Bernstein polynomials
(with some restrictions on the powers involved in the definition of these
polynomials). We shall give here a representation of the remainder in the
approximation of any continuous function on [0, 1] by generalized Bernstein
polynomials. This representation will be expressed by means of divided
differences. We shall also estimate the order of approximation of f(x) by these
operators.

Approximation operators resembling the Bernstein polynomials and
known as Bernstein power-series were introduced by Meyer-Konig and Zeller
[12]. Recently, Lupags and Miiller [/7] showed that the remainder for Bernstein
power-series has properties similar to those of the remainder for Bernstein
polynomials. Operators generalizing the Bernstein power-series and resembling
the generalized Bernstein polynomials were defined by Jakimovski and the
author [8]. (Recently they have been redefined by Feller [5].) Representations
and estimates of the remainders for these operators will also be provided.
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2. PRELIMINARIES
Let the sequence {A;} (i = 0) satisfy
s3] 1 )
O<dp< <. ..< A, <. .}, ;Xi—oo. 2.0
Define
an(x) = (_1)n—m)\m+l Teen ')\n z x/\i/w;zm()\i): O<m<n= 192: s 0ey
i=m

pnn(x):x/\n: n=0,1,2,...,

where
W)= — A .. .- — A, O<m<n=1,2,...
Also, set
an,,,:[(l—/\:;)-...-(l—%)]”M, O<m<n=12,...,
O =1, n=0,1,2,...,
and denote

)\nl
qnm(x):x_pnm(x), Bnm:“n—l,m~b I<m<n= ]927=---
n

The generalized Bernstein polynomials associated with the continuous
function f(x) were defined by Hirschman ahd Widder (see [10], §2.8) as

B(fiX) =5 pum@)f(am)s O<x<l, n=012... @2
m=0

A slight modification of [70], Th. 2.8.2, yields the following

THEOREM A. Let f(x) be continuous in [0,1].

) If A =0, then lim,_, B,(f,x) = f(x), uniformiy in 0 < x < L.

(i) If Ay > 0, then lim,, . B,(f,x) = f(x) for every 0 < x < 1, uniformly in
any interval [8,1], 0 < & < 1. Moreover, since B,(f,0) =0 for alln = 0, it follows
that B,(f,0) — f(0) if and only if f(0) = 0.

The generalized Bernstein power-series associated with a continuous
function f(x) are defined as

Mm(ﬁx)=§qm(x)f(ﬁnm), 0<x<l, m=12... (23

Since lim,_ o, M, (f;x) = f(0), it is convenient to define

M (f£,0)=/0), m=1,2,.... (2.4)
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The following result is stated in [8], Th. 4.1, and proved in [9], Th. 2.3.
(See also [5].)

THEOREM B. Let f(x) be continuous in [0,1]. Then lim,, . M, (f,x) =f(x),
uniformly in 0 < x < 1.

We shall make use of the following results (see [10], p. 46, (10) and (11), and
p. 47, (4):

Pan(%) >0, O<x<l, O<m<n=0,1,2,...; ]
if  A=0, then i Pm(®=1, O<x<l, n=01,2.., IT(Z'S)
and Z Pam(Xyed =xM 0<x<1, n=0,1,2,... |
Also, by [9], (3.15),
iqm@%=h O<x<l, m=12,...,
- (2.6)

and i qnm(x)lg;‘nil=xhl, O<x<l, m=1,2,...

Let A> 0 and define the divided differences of f(x) in the following way.
Let xg,x,... be distinct points in the domain of definition of f(x); define

[A;x05/1=f(x0),

Do, xk_f]=[/\;xO;-.-,xk_l;f]—[/\;xl,---,xk;f]

XQA - xk’\

k>1.

For A = 1, these are the ordinary divided differences. We shall need the general
ones in order to describe the remainder for our operators in case A; # 1.
These divided differences are obtained from Popoviciu’s general divided
differences, [13], (22), by taking g;(x) = x4, i=0, 1, 2, . . .. We call a function
f(x) convex, non-concave, polynomial, non-convex, or concave of order s if
the divided difference

[)Uxo, e Xgt af]:

is positive, non-negative, zero, non-positive, or negative, respectively, for all
(distinct) xo, ..., X, ; in the domain of definition of f.

3. REPRESENTATION OF THE REMAINDER
We establish, first, the following
THEOREM 1. Let Ay = 0, and let f(x) be continuous in [0,1]. Then for n> 1
and0<x<1,

Bf;x) = By (£ %)= mz=1 D1, o) Vol A s O, =15 % 1 o %315



APPROXIMATION OF FUNCTIONS BY BERNSTEIN-TYPE OPERATORS 403

where

, /\ 2 2A1 1 1 0 {
T > or i <M< n
I )\n—H ()\m )\n—H) f

Thus, the sequence {B,(f,x)}{(n = 1) is decreasing, nonincreasing, stationary,
nondecreasing, or increasing if f is convex, non-concave, polynomial, non-convex,
or concave of order 1, respectively.

Theorem 1, for the ordinary Bernstein polynomials, was proved in [3].

Proof. It was proved by HausdorfT, [7], (8), that

pnm(x) pn+1,m(x) A [Am+1pn+l m+1(x) Ampn—i-l m(x)

Therefore,

BSx) = Bs(1i0) = 3 [P = Puss, w01 o)

+ 3 Purt mCOL an) —F @1 )]
—Duti,n+ i(X)f(E),

(since oy, gy =1)

pn+1 m(x)[f(‘xn m—1) f(‘xnm}

m=1

+ mz PutsnCLS o) = G101

(since Ag =0, oty = oty1y, 0 =0 and o, = 1)

= I, + I,, say.
Now,
A A
A A A 1 A A1 A .
‘xmln - ‘xn'il-l m ocmﬁl h and anrln pym—1 = ‘xmrli )t >
n-+-1
SO
= A
1 A . .
Il‘:—z h Pn+l,m(x) Ocmln[)‘l;“n,m—b“nmaf]:
ey Sl
IZ“E pn—l—l m(x)amn[)\lso'nm> Apii, maf]
Observing that

1 1
et m = Times = Ay 2 (r - x—),
™ n+
26
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if follows that

n
[1 + 12 = Zl pn+l,m(x)'yr%m[hl 5 %y, m—1s %n-t-1, mo o‘nm;f]'
m=

This completes our proof.
We can establish now the following representation theorem.

THEOREM 2. Let Ay =0. Then for each n>1 and each x, €[0,1] there are
three distinct points &,(n,x;), £2(n,x,), £3(n,x,) such that for every function
J(x), continuous in [0,1],

R(f, x0) = f(x0) — Bu(f, x0)
= Rn(xZ/\ls xo)[Ars €1(n, Xo), £x(n, X0), €3(, Xo) 5 f .

Theorem 2, for the ordinary Bernstein polynomials, was proved in [3].

Proof. Given ny> 1 and 0 < x, < 1, we shall prove that R, (f,x,) # 0 for
every continuous function f(x), convex of order 1. Then our theorem will
follow by Popoviciu [13], Th. 5. Now, for such a function f(x), the sequence
{B(f,%0)} (n>1) is decreasing, by Theorem 1. Furthermore, by Theorem A,
B.(f, xy) = f(x4). Therefore

R"o(f; xO) :f(XO) - Bno(f; xo) <0.

This completes our proof.

Remark 1. In fact, R,(f,x,) has degree of exactness 1 (see [13], §25), since
by (2.5), R,(f,x,) vanishes for the functions 1,x":.
The following is an immediate consequence of Theorem 2.

COROLLARY 1. If Ay = 0 and the function g(x) = f(x/™) is twice continuously
differentiable in (0,1), then for each n>1 and each x, < [0,1] there exists
0 < é(n,xy) < 1 such that

-Rn(f; xo) = —LRn(XZAl: xO) g”(f)' (32)

For A; = 1, we have g(x) = f(x) and (3.2) was obtained in [3].

A representation of the remainder in the approximation of functions twice
continuously differentiable in [0,1] by generalized Bernstein polynomials in
the case A, = 1, which is much more precise than (3.2), follows immediately by
Remark 1 and by Popoviciu [13], (84):

THEOREM 3. Let Ay =0 and A, = 1. Then for each n > 1, each x, € [0,1] and
every function f(x), twice continuously differentiable in [0,1],

R(f;x0) = [ Rl x0)f"(2)
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where
x—t+|x—1|

¢t(x) = 2

Remark 2. Since ¢,(x) is non-concave of order 1, it follows by Theorem 1,
that R, (é:,xg) < 0 for all 0 <z < 1. Also, R,(;,x,) is continuousin 0 << 1
and, in fact, infinitely differentiable for 7 s x; and # o, O <m < n. Thus,
applying the mean value theorem, it is possible to derive (3.2), in case A; =1,
from Theorem 3.

Remark 3. Theorem 3 and Remark 2 were obtained in [2] by a long construc-
tion. It must be added, however, that the construction in [2] allows a wider
class of Bernstein operators by assuming instead of (2.1) merely Xy =0 and
1 =4, <A, for k> 1. Estimate of this remainder is given in [2] only for
sequences {);} satisfying a slight modification of (2.1), namely,

O=A0<1:A1<A2<A3<..-<)\n<..uTw,

N
2=
I
8

i=1]
Theorem 3 and Remark 2, for the ordinary Bernstein polynomials, were
obtained by L. Arama [/] and by Stancu [14].
Similar results can be obtained for the generalized Bernstein power-series.
We merely state them here, leaving their proofs to the reader.

THEOREM 4. Let f(x) be continuous in [0,1]. Then for every m > 1 and every
x € (0,1],

Mm(f; .X) - Mm+l(.fa .X) = =Z+1 Qnm(x)'}"rzx—l,m[)\‘l ;ﬁnma Bn—H,m-Hs /gn, m+1 9f]=

where y2_| .. is as in Theorem 1. Thus, for 0 < x < 1, the sequence {M,{f,%)}
(m > 1) is decreasing, nonincreasing, stationary, nondecreasing, or increasing
if f is convex, non-concave, polynomial, non-convex, or concave of order 1,
respectively.

Theorem 4, for the ordinary Bernstein power-series, was proved in /7]

THEOREM 5. For each m > 1 and each x4 € [0,1] there are three distinct points

Ei(m, xg), Ly(m,xo) L5(m, xo) such that for every function f(x), continuous in
[0,1],

Rl [ %0) = (x0) — M f, %0) (3.4
= Rp(x?M, xo)[A1; Lilm, x0), Lo(m, xo), L5(m, x4) /1.

Theorem 5, for the ordinary Bernstein power-series, was proved in [77].
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Remark 4. Like R,(f,x,), also Z,(f,x,) has degree of exactness 1, since, by
(2.6), Z,(f.x,) vanishes for the functions 1,x"!.
The following is an immediate consequence of Theorem 5.

COROLLARY 2. If the function g(x) = f(x'/*") is twice continuously differentiable
in [0,1), then for each m > 1 and each x, < [0,1] there exists 0 < {(m,xy) <1
such that

Tnl [ X0) = 3?1, 30) 87(2). (3.5)

Again, a more precise representation can be obtained in case Ay =l for
functions twice continuously differentiable in [0,1]; it follows by Remark 4
and [13], (84).

THEOREM 6. Let A, = 1. Thenfor eachm > 1, each x, € [0,1] and every function
J(x), twice continuously differentiable in [0,1],

Rl x0) = [, Rpis 001 (2) (3.6)

where ¢(x) is as in Theorem 3.

Remark 5. R (., xo) has properties similar to those of R, (¢,, x,), except that
R, b, %) 18 infinitely differentiable for ¢ # xy and # B n>m, if 0 < x5 < 1.
If xo = 0, then Z,,(¢,,0) = 0.

4. ESTIMATE OF THE REMAINDER

The following is needed in the sequel.

LeMMA 1. Let Ay = 0. Then there exists a constant Cy such that for all n > 1
and all x, € [0,1],

0 < —R,(x*",x) < C, max {lexp [—/\1- i 1/)\,-]}.
Ak i=k

I<k<n

Proof. This lemma is a slight modification of estimates given by Gelfond
[61, p. 417, and can be proved in the same way. It should be noted, however,
that Gelfond’s inequality (25),

- 1 & OCI)Z K [ I ]
- ——} <——exp|—-2 1/eg],
; o -!;1[ ( s p+1 L IZI fas
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isincorrect. For example, it does not hold for the sequence a; = %3, The above
inequality holds for sequences {«;} such that «;, ; — «; > a > 0. One can prove
without difficulty that for every e > 0 there exists a K(<) such that

n n
1 V> K(e n
Za—z I_[ (1 —j) <= )exp[—(Zai —€) > l/ocs],
10 k41 S k+1 k+1
and this inequality, with € = «,, is used in proving our lemma.
LemMA 2. Let A, < 2X; < A,,. Then there exists a constant C,, such that for

allm = mg and all x, € [0,1],

0 < —‘@m(xzhﬁ x()) < % -

Proof. 1t follows by [9], (3.15), that for m > mgand 0 < x5 < 1,

© 2A 27
2A1 _ Ty, . _ !
o= ngm qnm(XO) (1 )‘m) o (i A)hi) ]

Hence
B30 = 5 oo (1-32) (1= ) - B2k

Now, by (2.6), if 0 < x4 < 1, then

Ine

qnm(x 0) =] H

n

and modifying again Gelfond’s estimates [6] as above, our lemma is proved
for 0 < xg < 1. For x, = 0, Z,,(x*1,0) = 0.
Denote

P, = mMax {lexp[—)\l-i I/Ai]}nzl,Z,...n 4.
Ak i=k

I<k<n

By (2.1}, p, > 0asn->x)
Our first estimate of the remainder is

THEOREM 7. Let Ay = 0 and suppose that g(x) = f(x/*1) is twice continuously
differentiable in [0,1]. Then

|RALS, XN < C3pus n=1,2,...,

where C; = 3C; maxg <, <,|8"(x)| and C, is taken from Lemma 1.
The proof follows immediately by (3.2) and Lemma 1. Similarly, we have
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THEOREM 8. Suppose that g(x) = f(xV") is twice continuously differentiable
in [0,1]. Then

C,
S0 <5 mem,,

where C,=%+C, maxg<,<,|8" (%)} and C, is taken from Lemma 2.

The proof is immediate.

Other methods of estimating the remainder, using the modulus of continuity
of f(x) or of f'(x), if f is continuously differentiable, were developed by

Popoviciu and Lorentz (see [70], Th. 1.6.1 and Th. 1.6.2). Since, if Ay =0, we
obtain by (2.5),

B((x" — x}1)%, x0) = R,(x*1, x,), n=1,2,...,

it follows by a proof similar to that of [/0], Th. 1.6.1, that we have

THEOREM 9. Let Ay =0 and let w,(8) denote the modulus of continuity of
g(x) = f(xY1). Then

IR(£X)| < Cso,(pk?),  n=1,2,....
Also by (2.6),

]‘Jm((x/\1 - Xf)\l)za xO) = ®m(x21\la xO)a m = my,

and also we have

THEOREM 10. Let w,(5) be as in Theorem 9. Then
|Zu(f, ¥)] < Cow(A,12),  m=m.

Finally, the following result follows by a proof similar to that of [10],
Th. 1.6.2.

THEOREM 11. Suppose that g(x)=f(x""*1) is continuously differentiable in
[0,1] and let w(g’,8) be the modulus of continuity of g’

() If Ao =0, then
RS, %) < Crpi2 (g’ pl?),  n=1,2,....
(ii) For m = my,
[ f, %)] < Cs 512 (g, X, 12).

For the ordinary Bernstein power-series, Theorems 10 and 11 (ii) were
proved in [/7]. (See also [4].)
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